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The  following  corrections  are  applicable  to  WADC  Technical  Report  52-330 
"On  Multilens  Cameras  in  Stereophotogrammetric  Mapping,"  dated  October  1952: 

Page  7 

The  line  in  parentheses  immediately  below  the  equations  should  read,  "For 
condensed  formulae  see  page  10," 

Page  10 

Last  line  of  first  paragraph  should  read,  "we  get  the  equations  of  page  7 of 
the  paper." 
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Thie  report  was  prepared  by  the  Mapping  and  Charting  Research  Laboratory 
of  the  Ohio  State  University  Research  Foundation  under  USAF  Contract  AF18(600)  i 

-90.  3?he  contract  is  administered  by  tjie  Mapping  and  Charting  Branch  of  the 
Photographic  Reconnaissance  Laboratory,  Directorate  of  Laboratories,  Wright 
Air  Developoent  Center,  Wright-Patterson  Air  Force  Base,  Ohio,  Mr  Fred  J.  Baty 
is  Project  Engineer  on  the  project  applicable  to  the  subject  of  this  report. 

Research  and  Development  Order  Noe.  R 683-^,  “Research  in  Phot ogramme try 
and  Geodesy  for  Aeronautical  Charting",  and  R 683-58»  "Aeronautical  Charting 
Systems”,  ore  applicable  to  this  report, 

report  was  originally  initiated  at  the  Ohio  State  University  Research 
Foundation  as  OSURF  Technical  Pape?  So.  166. 
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JSSTBIlCT 

The  four  principal  argunenta  In  faror  of  the  use  of  anltl-leas 
eaneras,  and  the  four  strongest  drawbacks  to  such  use  are  discussed. 
These  advantages  and  disadvantages  are  critically  evaluated  la  the  in- 
dividual cases  of  two,  three,  four,  five,  seven,  and  nine  lens  caaeras. 

The  general  eonclnsioa  is  that  the  four-lens  camera  is  the  one 
Bultl-lens  camera  worth  future  consideration. 
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IHTBODUCTIOH 


^his  is  a short  introductory  statesent  on  the  future  possihilltles 
of  Bultiple-lens  cameras.  It  should  he  made  clear  at  the  outset  that 
the  author  does  not  necessarily  advocate  the  use  of  these  in  stereo- 
photograoBetrle  mapping. 

The  conclusion  reached  in  the  paper  is  that  the  four  lens  camera 
is  the  multiple  lens  comhlnation  that  offers  most  promise  of  sudeissful 
application  in  the  photogramme trlcal  process » at  least  if  the  latter 
Involves  spatial  traversing. 
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OH  MULTI-LIHS  CAIORAS  IH  StnmXOraOTOGIlAMMETHIC  HAPPIHG 


Proposals  for  utilizing  caaeras  with  two,  throe,  four,  five,  seven, 
and  nine  lenses  have  been  frequent.  Many  aultlple  lens  eaaeras  have 
been  constructed  and  used.  These  have  had,  in  special  eases,  extended 
use,  but  their  superiority  over  single  lens  cameras  has  never  been 
successfully  demonstrated  and  they  have  never  become  generally  popular. 

The  reasons  given  for  en^loying  multi-lens  cameras  are  generally 
among  the  following: 

(l)  They  permit  a wider  spacing  of  fli^t  lines,  thus  reducing 
the  scneunt  of  flying; 

(2}  They  permit  a reduction  in  the  necessary  ground  control,  and 
enable  the  geometry  of  an  aerial  traverse  to  be  strengthened 
by  means  of  better  conditioned  intersections; 

(3}  They  reduce  the  total  amount  of  office  adjustment  work,  by 

making  the  number  of  composite  photographs  smller  than  wotild 
be  the  corresponding  number  of  single  photographs; 

ik)  By  using  lenses  of  smaller  angular  field  computed  with  as 
much  care  as  wide-angle  lenses,  they  laqprove  the  definition 
and  greaVly  increase  the  general  and  marginal  illumination 
of  the  photographs. 

Point  (4),  while  seldom  stressed  in  publications,  is  important 
in  the  opinion  of  the  author.  The  advantage  is  that  under  certain 
cireumstsinces  flying  may  be  much  hi^er  than  with  single  lane  cameras 
while  getting  equally  good  definition,  and  banco  a considerable  economy 
may  be  realized. 

To  offset  these  often  extremely  desirable  advantages  one  or  more 
of  the  following  drawbacks  may  exist. 

(a)  Hi^er  investment  in  camera  and  aecesssories, 

(b)  Smaller  accuracy  of  resttlte  and  smaller  wealth  of  descriptive 
Information,  due  to  bad  incidence  angles  of  rays  with  respect 
to  the  ground  along  the  edges  of  the  photograph, 

(e)  Boduced  accuracy  of  results  duo  to  the  cmposite  relationship 
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between  the  photographs  taJEen  fron  the  sauee  exposure  station, 

(d)  Additional  work  resulting  from  the  aboTe  eonposite  relation- 
ship. 

The  reasons  for  the  little  success  of  foraer  attenpts  cam  always 
easily  be  traced  batck  to  difficulties  of  the  kinds  Just  listed. 

Let  \i8  now  try  to  evaluate  again  the  real  inportamce  of  these 
drawbacks  froa  the  standpoint  of  the  needs  and  possibilities  of  the  f 

future. 

first  of  all,  we  can  probably  dispose  of  point  (c)  as  no  longer  * 

true,  or  at  least  no  longer  necessarily  true.  A calibration  device 
and  nethod  for  correcting  systenatic  errors  has  been  conceived  by  the 
author  idiieh,  when  developed,  will  make  it  unnecessary  to  Adjust  the 
component  cameras  to  a rigorous  geometrical  scheme,  ^his  means,  of 
course,  a complete  change  of  outlook. 

Let  us  now  look  at  point  (a).  A high  investment,  indeed,  would 
have  to  be  contemplated  if  the  old  way  of  approach  to  the  accurate 
combination  of  the  component  cameras  should  still  prevail,  and  if  such 
devices  as  prisms  or  mirrors,  rectifying  apparatus,  etc.,  should  still 
be  needed.  But  what  has  been  said  about  point  (c),  and  what  the  sub- 
sequent  treatment  of  points  (b)  and  (d)  will  teach  us,  leading  us  to 
eliminate  all  solutions  with  more  than  four  lenses  as  well  as  any 
photographic  transformation,  frees  us  of  any  fears  about  the  necessary 
investment. 

And  now  to  point  (b).  Experience  has  told  again  and  again  how 
useless  it  is  to  take  pictures  covering  a very  wide  field, for  these 
give  a lot  of  trouble  because  of  the  bad  "lnsi,^t"  into  the  details  of 
the  ground.  The  advantages  claimed  from  angular  fields  extending  over 
more  than  120O  diagonally  in  any  direction  prove  to  be  purely  fallacious. 

Sometimes,  however,  the  idea  underlying  such  designs  is  to  include  the 
horlaon  in  the  pictures,  for  purposes  of  external  orientation.  This, 
again,  ought  to  be  of  little  value  for  the  future  because  It  can  be  confi- 
dently expected  that  really  rational  ways  of  uerformlng  spatial  traversing 
quickly,  economically,  very  accurately  and  reliably  over  wide  stretches 
of  coimtry  will  sooner  or  later  be  available.  With  such  weapons  in  hand, 
it  woiald  be  absurd  to  rely  any  longer  on  such  fanciful  elements  as  horizon 
lines,  perfectly  clear,  dimly  perceived  or  quite  blurred  according  to  the 
meteorological  conditions  of  the  moment.  This  eliminates  too  the  idea  of 
combining  three  cameras  on  a line,  at  least  for  the  mapping  purposes  here 
considered. 

Point  (d)  remains  to  be  examined  critically.  Again  we  see  what  little 
good  can  be  expected  from  cameras  with  as  many  as  five,  seven,  or  nine 
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lens««,  as  these  inTolve  such  sTqpplenentary  work  in  rectifying,  bringing 
to  scale,  etc.,  transformations  which  we  discard  at  any  rate  becaase  of 
the  highly  deplorable  loss  ef  definition  they  imply. 

So  we  hare  found  very  strong  ebjaotions  against  cameras  with  three, 
or  then  mere  than  fear  lenses.  There  renains  only  to  be  seen  whether 
two  or  four  lenses  hare  the  hipest  chances  ef  salvation  in  the  general 
rout  ef  multi-lens  cameras. 

> Hou^^ly  speaking,  this  questien  is  selred  by  first  msiking  a choice 

between  single-lens  cameras  giving: 

^ Fig.  (it)  Rectangular  photographs  with  sides  in  proportion  1:2 

(l  in  direction  of  strip). 

Fig.  (P)  Square  photographs  with  sides  equal  to  -J  %/Z 

Fig.  (y)  Rectangular  photographs  with  sides  in  proportion  2:1 
(2  in  direction  of  strip). 

These  cameras  have  all  the  same  diagonal  length  and  consequently 
the  sane  maximum  aberrations.  This  choice  having  been  made,  its 
conclusions  can  then  be  extended  to  the  somewhat  different  conditions 
of  two  and  four  lens  cameras. 

A well-known  advantage  of  the  square  size  is  to  give  the  largest 
area  of  photograph  for  given  aberrations  in  the  corners.  This,  how- 
ever, would  not  mean  much  if  the  e3q>erienees  of  pmctically  all  instru- 
ment builders  had  not  also  shown  the  superiority  of  square  photographs 
from  the  ftindamental  point  of  view  of  precision  of  aerial  traversing. 

A detailed  study  of  this  question,  from  the  theoretical  side,  would  be 
Interesting.  It  will  not  be  attempted  here.  Another  way  of  approach 
will  be  given  instead. 

For  this,  a,  detour  must  be  made  here,  in  order  to  show  facts  little 
or  net  at  all  mentioned  elsewhere  in  the  phctograrametrlc  literature; 
facts,  however,  which  are  of  great  help  didactically. 

What  happens  in  the  relative  adjustment  of  a pair  of  photographs 
is  easy  to  explain  mathematically.  However,  there  does  not  seem  to 
exist  an  intuitive  visual  understanding  of  the  geometry  involved.  How 
highly  desirable  this  would  be! 

Actually,  it  is  not  easy  to  find  one  if  the  relative  orientation 
of  "independent  pairs*  is  considered.  But,  if  on  the  contrary  we  look 
at  the  much  more  Important  case  of  "dependent  pairs"  — the  case  which 
dominates  the  fundamental  problem  of  traversing  — it  is  different. 
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Let  ns  assune  first  that  the  country  is  flat,  and  that  only  the 
classical  six  points  (points  1,  2,  ...  6)  are  to  he  ttsed  as  shown  in 
Figure  1.  Then  one,  three,  fire  are  points  of  known  coordinates, 
detemined  after  the  preceding  p^ir  has  been  adjusted,  and  nay  he  used 
imnediately  for  spatial  resection.  This  iMpliee,  ipso  facto,  the  elini- 
nation  of  transTerse  i>arallax  in  these  points.  Points  two,  four,  six 
are  unknown  in  position  suid  on  these  the  transverse  parallax  procedure 
of  relative  orientation  nay  he  used. 

^ It  is  easy  to  see  now  that  three  and  five,  together  with  the  T coor- 

dinate of  one,  allow  of  a Pothenot  (angles  a and  3),  hinged  on  the  axis 

1^  three  - five,  as  giving  a first  determination  of  the  point  (H  + l). 

Accordingly,  this  point  has  to  lie  on  the  arc  a and  nowhere  else.  Vow 
let  us  take  point  six.  The  ray  r,  rigidly  hound  to  the  three  Pothenot 
rays,  describes  in  first  approximation  a plane  rr  when  the  plane  of  the 
Pothenot  rotates  around  its  hinge  three  - five.  This  plane  tt  intersects 
the  known  ray  r*  (under  a certain  angle  Y)  in  six.  If  we  stop  the  rota^ 
tion  of  the  trihedral  a 3 r mt  the  moment  when  > goes  throu^  six,  relative 
orientation,  as  well  as  absolute  orientation,  is  achieved  %rlthout  stiper- 
numerary  determinations.  Six  elements  are  used  (two  in  three,  two  in 
five,  one  in  one,  and  one  in  six)  for  the  determination  of  the  six  parame- 
ters describing  the  position  and  orientation  of  expostire  point  (V  -f  l). 

The  sane  can  he  done  again,  using  point  four  instead  of  six.  This 
alternative,  and  taking  into  account  the  X coordinate  in  one  and  the 
intersection  of  rays  in  two,  gives  several  checks  which  provide  indie* 
pensahls  aids  when  the  normal  determination  is  weak. 

And  now,  we  ^see  'that  it  is  easy  to  he  freed  from  the  assumptions 
of  flat  ground  and  only  six  points  regularly  distributed.  What  happens 
using  points  of  arbitrary  distribution,  as  in  hilly  and  mountainous 
country  of  any  form  or  when  a lake  or  river  or  seashore  Interferes  in  the 
symetrical  choice  of  points,  can  be  followed,  geometrically,  in  a few  mi- 
nutes, where  the  numerical  analysis  gives,  after  toilsome  computations, 
only  a siase  of  confusing  figures. 

It  shows  clearly,  for  insteuice,  how  it  happens  that  the  fundamental 
process  in  the  above  outlined  procedure  for  spatial  traversing,  namely 
the  determination  of  station  (V  -t-  l),  is  free  from  ambiguity  no  matter 
«diat  may  be  the  configuration  of  the  ground.  As  another  example,  it  also 
reveals  the  well  known  fact  that  the  famous  "critical  cylinder"  is  not 
in  any  way  critical  when  dealing  with  dependent  pairs  of  photographs. 

Of  coTirse  this  does  not  mean  that  mathematicsd  analysis  of  orientation 
is  not  absolutely  necessary.  Hevertbeless , the  experience  of  the  author, 
since  he  first  used  this  way  of  reasoning,  is  that  a quick,  easy,  and 
visual  way  of  approaching  practical  problems  of  this  kind  is  of  consider- 
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able  help. 


Betomio^  to  the  problen  of  evaluating;  the  respective  virtues  of 
photographs  of  the  (a),  CP)  or  (y)  types:  The  figures  now  show  clearly 

what  Is  at  issue,  (a)  gives  a strong  Pothenot,  but  weak  X tilt  deter- 
■ination,  not  only  because  of  the  snail  angle  Y but  because  of  the  short 
radius  five  - six.  The  propagation  of  height  errors  is  obviously  bad. 

(y),  on  the  other  hand,  gives  a weak  Pothenot.  The  T tilt  deterainatlon 

is  weakened,  but  still  worse  is  the  fact  that  the  detemination  of  length  f 

1 - (M  ■<-  l)  is  weakened.  This  is  the  8Cale->transnitting  length  and  is 
Just  the  element  that  practical  experience  has  always  shown  to  be  the 

weakest  link  in  spatial  traversing.  ^ 

Thus  this  investigation  easily  confims  the  superiority  of  square 
pictures.  And  because  four  lens  photographs  have  approxlMtely  a square 
format.  It  also  confims  the  superiority  of  four  lens  photographs  over 
any  kind  of  two  lens  photographs.  Turthemore,  althou^  the  law  of 
equivalence  of  aberrations  appears  differently,  investigation  of  the 
nature  of  the  difference  shows  that  what  applies  to  single  photographs 
applies  a fortiori  for  double  and  quadruple.  So  it  can  be  concluded 
that  the  four  lens  camera,  of  all  the  multiple  lens  units,  is  alone  in 
having  potential  possibilities,  especially  in  spatial  traversing. 

Let  us  now  consider  closely  all  the  main  aspects  of  the  use  of 
four  lens  cameras,  l^or  this,  we  consider  successively  how  far  the  goals 
initially  listed  under  (l),  (2),  (3),  and  (4)  can  actually  be  reached. 

Cl):  The  four  lens  camera  allows  the  strip  width  to  be  doubled 

and  consequently  the  cutting  down  of  the  flying  time  by  5O  ‘j.  (The  gain 
in  definition  nay  also  bring  a substantial  cut). 

(2) :  The  four  lens  camera  peraits  a maximum  reduction  of  ground 

control,  with  excellent  balance  between  height  and  planimetry  accuracy. 

It  is  indeed  ideal  in  this  respect. 

(3) :  Here,  care  is  necessary  in  appreciating  the  potentialities 

of  the  four  lens  camera.  A favorable  circumstance  is  that  the  original 
photographs  can  be  used  for  plotting,  without  any  transformation  onto  a 
common  plane,  provided  the  plotter  allows  of  tilted  convergent  pictures 
being  used.  Interesting  is  the  fact  that  if  one  should  nevertheless 
choose  to  rectify  the  photographs  first,  this  cotxld  be  done  Independently 
for  the  four  unit  images,  thus  eliminating  the  notorious  problem  of  getting 
clean  Joins  (no  gaps  - no  overlap),  which  has  been  the  ni^tmare  of  people 
who  introduced  the  nine  and  seven  lens  cameras.  Unit  photographs  of  one 

group  Just  match  unit  photographs  of  the  conjugate  group  for  constituting  adequate 
Independent  pairs,  though  the  general  overlap  of  the  composite  pictures  must  of 
course  be  rather  generous.  The  question  of  whether  this  or  that  type  of  plotter 
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alr«a^  la  axlatence  la  oapabla  of  plotting  such  pairs  la  of  little 
lateraat  hare,  as  the  discussion  relates  to  the  future  when  plotters  can 
he  Bade  Just  what  thej  ou^t  to  he. 

Concerning  trarerslng,  here  the  assuaptlon  of  haring  the  eonposlte 
photographs  first  transforaed  eoaputatlonallj  to  a eoBnon  plane  can 
hardljr  he  arolded,  though  ve  can  dispense  with  any  photographic  reetlfl» 
cation.  Suaerieal  rectification  is  necessary  hecause  It  is  Just  the 
consistency  of  the  four  laages  obtained  at  the  wns»«  Instant  which  allows 
ef  so  Bui^  ecenof^.  Howerer,  toings  are  net  had  If  we  consider  that  in 
trarerslng  we  use  only  isolated  points  in  the  pictures.  Instead  of  con- 
tinuous linos  as  In  plotting,  for  It  happens  that  the  fomulae  for  nu- 
Borical  rectification,  point  after  point,  are  Izlreaely  slnple;  at  least 
if  the  trarerslng  counter  pemlts  the  introduction  of  a rarlahle  prla^ 
elpal  distance,  ^hese  foraulae  are  ef  the  follewlng  fora: 


X « U + 6')  X + (B  + &•)  T - (C  - 6“)  X 
n & 1 ^ 

T = (B  + 5»)  X ♦ (A  ♦ 5')  T - (C  - 5")  Z 

n I I 1 

Z =C(X  -»-T)  + (A  + B)Z 
n 11  1 

(Tor  condensed  foraulah  see  jmgt  sleren*) 

where  X^,  Txt  ^i  * f hhe  unit  photographic  coordinates  of  a point, 
and  X^iTq,  Zq  the  restating  coordinated  on  the  fictitious  eoaposlte 
photograph.  A,  B,  and  C are  constant  coefficients  and  6*  and  b*  are 
rery  small  correcting  terms  for  compensating  approxlaately  the  eccentrici- 
ty of  the  fotir  lenses.  (They  can  he  dropped  if  the  lenses  ara  close 
together  or  if  not  rery  accrirate  work  is  desired).  &'  cmd  6”  are  coa« 
stant  for  a glren  mean  flying  hel^t.  Thus,  taking  all  the  clrcuastances 
into  accoxmt«  it  Is  pretty  certain  that  a substantial  reduction  of  total 
office  work  can  he  reached  with  a four  lens  camera  notwithstanding  the 
subtly  more  elaborate  prodedTire  reqtilred. 

(4):  This  fundamental  possibility  applies  to  any  type  of  aultl-lens 

camera.  It  Is  not  difficult,  howerer,  to  imagine  circiunstances  in  which 
the  tise  of  a fotir  lens  camera  of  no  wider  total  angular  field  than  a 
Metrogen  single  lens  camera  may  find  ftill  technical  and  economical  Justi- 
fication in  spite  of  the  few  remaining  drawbacks.  It  mi^t  hare  unequaled 
qtiallty  of  image  and  perhaps  such  good  Illumination  as  to  permit  rery  short 
exposures,  thereby  reducing  the  effects  of  displacement  and  the  so  often 
troublesome  rotatory  ribration. 

And  so  we  reach  the  rather  surprising  general  conclusion  that  the 
most  despised  type  of  multi-lens  camera,  the  quadnq>le  camera,  the  only 
one  which  has  nerer  found  extensire  practical  use  anywhere,  is  Just  the 
one  which  is  still  w6rth  consideration  in  the  future. 
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FIGURE  2 


APPENDIX  I 


PBOOy  OP  FORMULAE  ON  PAGE  BIGHT 


Flgur©  2 is  a perspective  view  of  one  of  the  fotir  constituent  csuoeras 
of  a quadniple  camera.  The  photographic  coordinates  X^  and  relating  to 
the  considered  raj  are  supposed  to  have  been  measured,  and  we  want  to  know 
a set  of  consistent  coordinates  X^^,  Zj^  defining  a practicallj  equivalent 
raj  centered  in  C.  Is  on  the  axis  of  the  conposite  sjstem  and  consequentlj 
cofflinon  to  the  four  partial  photographs. 

First  coordinates  transfomatlon: 

Rotation  around  the  axis  of  the  partial  camera  bj  45^ 

X + Y - X + Y 

X i Y >_L_i 

^ V2  ^ y? 


Z a Z = f 
r 1 


Second  coordinates  transforaationt 

Rotation  around  an  axis  passing  throng  C and  perpendicular  to  the 
plane  ^ 


I*  » X cosY  - Z sinY 
8 r r 

Y « Y 
s r 

Z * Z coeY  + X SinY 
8 r r 


Centering  on  C instead  of  C, ; 

Similar  triangles,  the  one  with  e » CC^  as  the  iqsper  side,  the  other 

with  Xg  - X’ , give 
8 


X - X*  e e 

-2-— a = hence  X » X'  + — Z 

Z H 8 8 H S 

■ 6 g 


Third  coordinates  transformation: 


Rotation  around  the  axis  of  composite  sjstem  bj  45^  in  the  contrarj  sense 
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to  firvt  rotation 


X 


n 


T 

n 


X + T 

B S 


V5- 


Coablnlnc  all 

cobY  ■►I  * 

____  « A 

2 


thoBB  equations  and  setting 

cobY  “ 1 „ b 
2 


Z - 

n 


Z 

B 


>/2 


2 H 


slnY  » 6' 


y/2  H 


.cobY  « 6* 


e 


we  get  the  equations  of  page  eight  of  the  paper. 

Actuall7,  equatlonfl  take  the  following  slapllfled  form  In  practical 
application  (patting  together  all  the  constants): 


»*ere  ■,  n,  p,  q,  r are  all 
constants 


If  the  trawersing  inBtruaent  in  which  the  tranofoneed  photographic 
coordinates  are  used  is  unable  to  acconnodate  a warylng  value  for  Zq  the  set 
of  equations  goes  over  to  the  following  (which  indeed  laplles  dlTislon): 

nX  + nT  - p 

X . h-i i 

q(X^  * r 

nX  + bT  - p 

V 1 i * 

“ ^diere  h is  an  arbitrary  constant 

+ Tj)  + r 


Z s*  h 


X a bX  nf  «•  p 

« nX^  bT^  - p 

Z_  - q(X  + T ) + r 
n ^ 1 I 
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